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Abstract
We study general properties of the conformal basis, the space of wavefunctions in
(d+2)-dimensional Minkowski space that are primaries of the Lorentz group SO(1, d+
1). Scattering amplitudes written in this basis have the same symmetry as d-dimensional
conformal correlators. We translate the optical theorem, which is a direct consequence
of unitarity, into the conformal basis. In the particular case of a tree-level exchange
diagram, the optical theorem takes the form of a conformal block decomposition on
the principal continuous series, with OPE coefficients being the three-point coupling
written in the same basis. We further discuss the relation between the massless con-
formal basis and the bulk point singularity in AdS/CFT. Some three- and four-point
amplitudes in (2+1) dimensions are explicitly computed in this basis to demonstrate
these results.
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1 Introduction
The Lorentz group of (d + 2)-dimensional Minkowski space is the same as the Euclidean
conformal group in d dimensions. This makes it possible to interpret a (d + 2)-dimensional
scattering amplitude as a conformal correlator in d dimensions. Recently, building on the
earlier work of [1], a basis of flat space wavefunctions has been constructed in [2–4], where
scattering amplitudes in R1,d+1 take the form of d-dimensional conformal correlators. This
basis, called the conformal primary basis, or simply the conformal basis, serves as a natural
basis for the study of two-dimensional conformal symmetries in four-dimensional flat space
scattering amplitudes [2, 5–17] (see [18] for discussions in general dimensions).
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More explicitly, we consider scalar wavefunctions in R1,d+1 that transform as d-dimensional
conformal primaries under SO(1, d + 1) constructed in [1–4]. These wavefunctions, called
the conformal primary wavefunctions, are labeled by a conformal dimension ∆ and a point
~x ∈ Rd, rather than an on-shell momentum in R1,d+1. Consequently, scattering amplitudes
of these wavefunctions are functions of ∆i, ~xi and transform covariantly as d dimensional
conformal correlators under SO(1, d+ 1). Through the study of their inner products, it was
further shown in [4] that the continuum of conformal primary wavefunctions with ∆ ∈ d
2
+iR
forms a basis of normalizable solutions to the wave equation. This range of the conformal
dimension is known as the principal continuous series of unitary irreducible representations
of SO(1, d+ 1), which plays an important role in the study of conformal field theory (CFT)
(see, for example, [19–23]).
In this paper we further explore general properties of scattering amplitudes in the con-
formal basis. One interesting question is the implication of unitarity of the S-matrix in
this basis. We approach this question by translating the optical theorem, which is a direct
consequence of unitarity, into the conformal basis. In the case of a tree-level massive scalar
exchange diagram, the optical theorem in the conformal basis takes the form of a conformal
block decomposition on the principal continuous series:1
Im f(z, z¯) = pimd
∫ ∞
−∞
dνµ(ν)C
(
∆1,∆2;
d
2
+ iν
)
C
(
∆3,∆4;
d
2
− iν
)
Ψ d
2
+iν(z, z¯) , (1.1)
where f(z, z¯) is the four-point amplitude in the conformal basis and z, z¯ are the cross ratios.
m is the mass of the intermediate particle. C(∆1,∆2; ∆) is the coefficient of the three-
point amplitude written in the conformal basis. µ(ν) is a measure factor given in (4.4).
Finally, Ψ∆(z, z¯) is the shadow-symmetric conformal partial wave [24–27]. The derivation of
this conformal block decomposition follows from the completeness relation of the conformal
primary wavefunctions on the principal continuous series ∆ ∈ d
2
+ iR. The final expression
is very reminiscent of the split representation for Witten diagrams in AdS [28,29].
To verify the above optical theorem in concrete examples, we consider scalar scattering
amplitudes in (2+1) spacetime dimensions with a cubic coupling. The corresponding con-
formal correlators are one-dimensional with SL(2,R) covariance. The three-point function
takes the form of a standard CFT three-point function with coefficient C(∆1,∆2; ∆3) given
in terms of the gamma functions:
g
m∆1+∆2−3
2∆1+∆2
Γ
(
∆1+∆3−∆2
2
)
Γ
(
∆2+∆3−∆1
2
)
Γ(∆3)
1
|x12|∆1+∆2−∆3|x13|∆1+∆3−∆2|x23|∆2+∆3−∆1 . (1.2)
1In taking the imaginary part of the four-point function f(z, z¯), we have assumed all the conformal
dimensions are analytically continued to be real.
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The four-point function with identical external dimension ∆φ also takes a particularly simple
form
f(z) = N∆φ
z√
z − 1
[
eipi(2∆φ−
3
2
) + z2∆φ−
3
2 +
(
z
z − 1
)2∆φ− 32 ]
, (1.3)
where z > 1 is the real cross ratio2 parametrizing the scattering angle and ∆φ is the
conformal dimension we assign to the four external particles. N∆φ is a normalization
constant given in the main text. We show that the imaginary part of this four-point
function can indeed be expanded on the conformal partial waves with coefficients being
C(∆φ,∆φ; d/2 + iν)C(∆φ,∆φ; d/2− iν). We further discuss the implication of crossing sym-
metry of the two-to-two scattering amplitudes in the conformal basis.
Various properties of the conformal basis have been explored recently. In [2] the soft pho-
ton and graviton theorems are studied in the conformal basis in (3+1) spacetime dimensions.
The massive scalar three-point amplitude is shown to be equal to the standard scalar CFT
three-point function in the special mass limit in [3]. The tree-level gluon low-point ampli-
tudes in the conformal basis have been computed in [30]. The BCFW relation [31,32] in this
basis and its potential interpretation as the conformal block decomposition were explored
in [30,33]. The factorization singularity has also been investigated in [34,35].
We then turn to the relation between the massless conformal basis in R1,d+1 and the bulk
point singularity in AdSd+2/CFTd+1 [28, 36–39]. The bulk point singularity is a singularity
of perturbative holographic correlators in AdS/CFT that arises from Landau diagrams in
the bulk. It has been used to probe the flat space limit of AdS/CFT [40–46] and diagnose
bulk locality. We discuss how the bulk point singularity of a Witten diagram in AdSd+2,
under certain assumptions, is computed by the same amplitude in the massless conformal
basis in R1,d+1.
In the example of scalar four-point amplitudes in (2+1) dimensions, the relation to the
bulk point singularity in AdS3/CFT2 suggests that the one-dimensional correlators in the
conformal basis should be interpreted as two-dimensional Lorentzian correlators, restricted
to the configuration with real cross ratio. In Appendix A we present such a candidate
2d Euclidean four-point function whose Lorentzian versions, when restricted to the bulk
point singularity configuration, reproduce these one-dimensional correlators from different
crossing channels. We further show that this 2d correlator satisfies the crossing equation
and has a positive SL(2,C) block decomposition with a simple spectrum of single-trace and
2Recall that in one dimension there is only one independent cross ratio of a four-point function. Here
the four-point function f(z) (what we call f12↔34(z) in the main text) is computed in the crossing channel
where particle 1 and 2 are incoming while 3 and 4 are outgoing. The other ranges of the cross ratio on the
real line are realized by the other two crossing channels.
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double-trace intermediate operators. The physical origin of this 2d extension remains to be
understood.
This paper is organized as follows. In Section 2 we review both the massive and massless
conformal bases. In Section 3 we present explicit results for the three- and four-point cor-
relators in a simple scalar (2+1)-dimensional model. In Section 4 we translate the optical
theorem into the conformal basis in general spacetime dimensions, and verify it explicitly
for the scalar model in (2+1) dimensions. In Section 5 we discuss the relation between the
massless conformal basis and the bulk point singularity in AdS/CFT. In Appendix A, we
consider a 2d extension of the 1d correlators for the scalar model considered above.
2 Conformal Primary Bases
In this section we review scalar conformal primary wavefunctions introduced in [1–4]. The
construction of these wavefunctions in flat space proceeds naturally through the embedding
space formalism in CFT [29,47–52].
The flat space coordinates of R1,d+1 will be denotes by Xµ with µ = 0, 1, · · · , d + 1.
Our convention on the spacetime signature is (− + · · ·+). We will parametrize an outgo-
ing/incoming null momentum kµ in R1,d+1 as
kµ = ±ω qµ(~x) ≡ ±ω (1 + |~x|2 , 2~x , 1− |~x|2) , (2.1)
where ~x ∈ Rd labels the direction of the null momentum and ω > 0 is a scale. On the other
hand, an outgoing/incoming timelike momentum will be parametrized in terms of y > 0 and
~z ∈ Rd as
pµ = ±mpˆ(y, ~z) ≡ ±m
(
1 + y2 + |~z|2
2y
,
~z
y
,
1− y2 − |~z|2
2y
)
. (2.2)
Note that pˆ2 = −1.
Scattering amplitudes are usually written in the basis of plane waves e±ik
µXµ which are
eigenfunctions of translations. In this paper we consider an alternative basis of wavefunc-
tions ϕ±∆(X
µ; ~x) that are labeled by a “conformal dimension” ∆ and a point ~x ∈ Rd, instead
of an on-shell momentum in R1,d+1. The ± superscript distinguishes an outgoing (+) wave-
function from an incoming (−) one. Conformal primary wavefunctions are defined such that,
under a Lorentz group SO(1, d+ 1) transformation, the wavefunction ϕ±∆(X
µ; ~x) transforms
covariantly as a scalar conformal primary operator in d spacetime dimension:
ϕ∆ (Λ
µ
νX
ν ; ~x ′(~x)) =
∣∣∣∣∂~x ′∂~x
∣∣∣∣−∆/d ϕ∆(Xµ; ~x) , (2.3)
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where ~x ′(~x) is a non-linear SO(1, d+ 1) transformation on ~x ∈ Rd and Λµν is the associated
group element in the (d+ 2)-dimensional representation.
In the massless case, the conformal primary wavefunction ϕ±∆(X
µ; ~x) can be easily written
down [1–4,53,54]:
ϕ±∆(X
µ; ~x) = N 1
(−q(~x) ·X ∓ i)∆ , (2.4)
where we have introduced an i prescription to circumvent the singularity on the lightsheet
q ·X = 0. Here N = (∓i)∆Γ(∆) is a normalization constant we choose for later convenience.
The massless conformal primary wavefunction can be expanded on the plane waves via a
Mellin transform of the scale ω in (2.1):
ϕ±∆(X
µ; ~x) =
∫ ∞
0
dω ω∆−1 e±iωq·X−ω . (2.5)
In [4] it was shown that the continuum of conformal primary wavefunctions on the ∆ ∈ d
2
+iR
spans a complete set of delta-function-normalizable solutions (with respect to the Klein-
Gordon inner product) to the massless Klein-Gordon equation.3 This range of ∆ is known
as the principal continuous series of SO(1, d+ 1).
Let us now proceed to the massive case. Similar to the massless case, we define a massive
scalar conformal primary wavefunction φ±∆(X
µ; ~x) as a solution to the massive Klein-Gordon
equation of mass m in R1,d+1 that transforms covariantly as (2.3) under the Lorentz group
SO(1, d+1). We can always expand an outgoing/incoming solution φ±∆(X
µ; ~x) to the massive
Klein-Gordon equation on the plane waves as [3]:
φ±∆(X
µ; ~x) =
∫
[dpˆ]G∆(pˆ; ~x) e
±impˆ·X , (2.6)
with some Fourier coefficient G∆(pˆ; ~x). Here
∫
[dpˆ] is a Lorentz invariant integral over all
the outgoing unit timelike vectors, which form a copy of two-dimensional hyperbolic space
Hd+1:
Hd+1 : − (pˆ0)2 +
d+1∑
i=1
(pˆi)2 = −1 , pˆ0 > 0 . (2.7)
We can write this measure [dpˆ] more explicitly in terms of the hyperbolic coordinates (y, ~x)
in (2.2) as ∫
[dpˆ] =
∫ ∞
0
dy
yd+1
∫
Rd
dd~z =
∫
dd+1pˆ
pˆ0
. (2.8)
3There is another basis of massless conformal primary wavefunctions that is the shadow of (2.4). We will
not discuss this shadow basis in this paper.
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It now remains to determine the Fourier coefficient G∆(pˆ; ~x). Requiring the conformal co-
variance (2.3) of φ±∆(X
µ; ~x), the Fourier coefficient is determined to be the scalar bulk-to-
boundary propagator in the (d+ 1)-dimensional hyperbolic space Hd+1 [55]:
G∆(y, ~z; ~x) =
(
y
y2 + |~z − ~x|2
)∆
. (2.9)
Similar to the massless case, it was shown in [4] that the continuum of massive conformal
primary wavefunctions on ∆ ∈ d
2
+ iR≥0 spans a complete set of normalizable solutions to
the massive Klein-Gordon equation.
So far we have been talking about the wavefunction, but the above discussion can be
immediately carried over to arbitrary scattering amplitudes in R1,d+1. Consider an n-point
scattering amplitude4 T (k`, pj)δ(d+2)(
∑
` k` +
∑
j pj) of scalars in momentum space where
k` and pj are the null and timelike momenta, respectively, for the external particles. This
amplitude can be transformed into the conformal primary basis via a Mellin transform for
each massless external null momentum and an integral over Hd+1 (2.6) for each massive
external momentum:
A˜(∆i, ~xi) ≡ (2.10)( ∏
`: massless
∫ ∞
0
dω` ω
∆`−1
`
)( ∏
j: massive
∫
[dpˆj]G∆j(pˆj; ~xj)
)
T (k`, pj)δ(d+2)(
∑
`
k` +
∑
j
pj) ,
where kµ = ±ωqµ(~x) and pµ = ±mpˆµ. Due to the conformal covariance of the conformal
primary wavefunctions (2.3), the amplitude A˜(∆i, ~xi) in the conformal basis is guaranteed
to transform like a d-dimensional conformal correlator of scalar primaries with conformal
dimensions ∆i under SO(1, d+ 1):
A˜ (∆i, ~x ′i(~xi)) =
(
n∏
k=1
∣∣∣∣∂~x ′k∂~xk
∣∣∣∣−∆k/d
)
A˜(∆i, ~xi) . (2.11)
3 One-Dimensional Conformal Correlators
In this section we consider conformal bases in (2+1) spacetime dimensions. The ampli-
tudes in the conformal basis take the form of one-dimensional conformal correlators with
SL(2,R) symmetry. This is the simplest nontrivial spacetime dimension where the resulting
correlators are simple to analyze.
4The amplitude T is related to the connected part of the S-matrix as Sconn = i(2pi)d+2T (ki)δ(d+2)(
∑
i ki)
in R1,d+1.
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3.1 Three-Point Function
Consider a perturbative theory in (2+1) dimensions consisting of one real massless scalar field
Φ and one real massive scalar Φm of mass m, interacting through a cubic vertex gΦ
2Φm.
5 In
momentum space, the tree-level three-point amplitude of a massive scalar with momentum
pµ = −mpˆµ decaying into a pair of massless scalar with momenta kµ` = ω`qµ(x`) (` = 1, 2) is
iT3 = ig , (3.1)
where g is the three-point coupling. Using (2.10), the three-point amplitude written in the
conformal basis is
A˜3(∆i, xi) = g
2∏
`=1
∫ ∞
0
ω∆`−1` dω`
∫ ∞
0
dy
y2
∫ ∞
−∞
dz
(
y
y2 + |z − x3|2
)∆3
× δ(3)(ω1qµ(x1) + ω2qµ(x2)−mpˆµ) .
The δ-function can be used to localized the integrals in y, z and ω2:
δ(3)(ω1q
µ(x1) + ω2q
µ(x2)−mpˆµ) = y
3(ω1 + ω2)
m2ω1|x1 − x2|2 δ (z − z
∗) δ (y − y∗) δ (ω2 − ω∗2) , (3.2)
where
z∗ =
ω1x1 + ω2x2
ω1 + ω2
, y∗ =
m
2(ω1 + ω2)
, ω∗2 =
m2
4ω1|x1 − x2|2 . (3.3)
The remaining integration in ω1 is
A˜3(∆i, xi) = gm
2∆2+∆3−3
22∆2−∆3−1|x1 − x2|2∆2−2∆3
∫ ∞
0
dω1
ω∆1−∆2+∆3−11
(m2|x2 − x3|2 + 4|x1 − x2|2|x1 − x3|2ω21)∆3
.
(3.4)
The integration converges if Re(∆1 −∆2 −∆3) < 0 and Re(∆1 −∆2 + ∆3) > 0. The final
three-point function takes the form of a standard three-point function in an one-dimensional
conformal theory
A˜3(∆i, xi) = C(∆1,∆2; ∆3)|x1 − x2|∆1+∆2−∆3|x1 − x3|∆1+∆3−∆2|x2 − x3|∆2+∆3−∆1 , (3.5)
5Computationally, the change of basis integral is usually easier for the massless conformal basis than the
massive one. However, the three-point amplitude with all massless particles suffers from either an UV or IR
divergence (depending on the conformal dimensions) in the change of basis integral. We will hence consider
the next simplest case where there is one massive particle, whose mass regulates the divergence, and two
massless particles in (2+1) dimensions.
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where the three-point function coefficient is,6
C(∆1,∆2; ∆3) = g
m∆1+∆2−3
2∆1+∆2
Γ
(
∆1+∆3−∆2
2
)
Γ
(
∆2+∆3−∆1
2
)
Γ(∆3)
. (3.7)
Recall that ∆3 is the conformal dimension we assign to the massive particle.
3.2 Four-Point Function
Let us now move on to a general discussion of four-point amplitudes written in the massless
conformal basis in R1,2. Consider a massless scalar two-to-two scattering amplitude
T (s, t)δ(3)(
∑
i
iωiq
µ(xi)) (3.8)
in (2+1) dimensions. Here we parametrize the null momenta kµi = iωiq
µ(xi) as in (2.1) and
i = ±1 for an outgoing/incoming particle. s, t, u are the Mandelstam variables defined as
s = −(k1 + k2)2, t = −(k1 + k3)2, u = −(k1 + k4)2. Constrained by the massless kinematics,
nontrivial scattering process only exists if two of the i’s have the opposite signs than the
other two. Depending on which two of the particles are incoming and which two are outgoing,
we have six different crossing channels for the two-to-two scattering process. Using CPT,
the six crossing channels reduce to three, which will be denoted as 12 ↔ 34, 13 ↔ 24, and
14↔ 23. The Mandelstam variables s, t, u have fixed signs in a given crossing channel. For
example, s > 0 and t, u < 0 in the 12↔ 34 channel.
Importantly, the amplitudes in the conformal basis depend on the choice of the crossing
channels. We will specify the crossing channel under consideration in the following discussion.
The crossing relations between these amplitudes will be discussed in Section 3.3.
In the massless conformal basis, the amplitude takes the form
A˜(∆i, xi) =
4∏
i=1
∫ ∞
0
dωiω
∆i−1
i T (s, t)δ(3)(
∑
i
iωiq
µ
i (xi)) . (3.9)
Three of the four integrals can be done by solving the delta functions:
ω2 = −12x13x14
x23x24
ω1 , ω3 = 13
x12x14
x23x34
ω1 , ω4 = −14x12x13
x24x34
ω1 , (3.10)
6Although we only consider the case of (2+1) dimensions, the three-point function coefficient can be
easily generalized to that in R1,d+1:
C(∆1,∆2; ∆3) = g
m∆1+∆2−d−2
2∆1+∆2
Γ
(
∆1+∆3−∆2
2
)
Γ
(
∆2+∆3−∆1
2
)
Γ(∆3)
. (3.6)
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where xij = xi − xj. On the support of the delta function, the Mandelstam variables are
s = −4x
2
12x13x14
x23x24
ω21 , t = −
1
z
s , u =
1− z
z
s , (3.11)
where the real cross ratio is
z =
x12x34
x13x24
∈ R . (3.12)
The delta functions only have support when all the ωi’s are positive. This constrains the
real cross-ratio z in the following way
12↔ 34 channel : z ∈ (1,∞) ,
13↔ 24 channel : z ∈ (0, 1) ,
14↔ 23 channel : z ∈ (−∞, 0) .
(3.13)
Indeed, for example in the 12 ↔ 34 channel, the scattering angle θ is related to the cross
ratio z as z−1 = sin2(θ/2) < 1.
Let s ≡ 12, which is +1 in the 12 ↔ 34 channel and −1 in the other two channels.
Define ω as
ω ≡ √ss =
√
|s| . (3.14)
We then obtain
A˜(∆i, xi) = 2
−∑i ∆i+1
|x23x24x34|
∣∣∣∣x13x14x23x24
∣∣∣∣∆2−1 ∣∣∣∣x12x14x23x34
∣∣∣∣∆3−1 ∣∣∣∣x12x13x24x34
∣∣∣∣∆4−1 ∣∣∣∣ x23x24x212x13x14
∣∣∣∣ 12
∑
i ∆i− 32
×
∫ ∞
0
dω ω
∑
i ∆i−4 T
(
sω
2,−s1
z
ω2
)
. (3.15)
For simplicity, let us consider the case when all four conformal dimensions are the same
∆i = ∆φ. Then we have
A˜(∆φ, xi) = 1|x12|2∆φ |x34|2∆φ f(z) , (3.16)
where f(z) is
f(z) = 2−4∆φ+1
|z|√|z − 1|
∫ ∞
0
dω ω4∆φ−4 T
(
sω
2,−s1
z
ω2
)
. (3.17)
Recall that s = +1 in the 12 ↔ 34 channel and s = −1 in the 13 ↔ 24 and 14 ↔ 23
channels.
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Let us present an alternative formula in the case of tree-level scattering amplitudes. We
will focus on the 12 ↔ 34 channel but the discussion can be easily generalized to other
channels. The four-point function in this channel is
f12↔34(z) = 2−4∆φ+1
z√
z − 1
∫ ∞
0
dω ω4∆φ−4 T
(
ω2,−1
z
ω2
)
, z > 1 (3.18)
Let us discuss the analytic property of this integral. For tree-level amplitudes, T only has
poles in ω2. In addition, the integrand has a branch cut emitting from ω = 0. We can choose
the branch cut to be almost aligned with the negative real line, but slightly below it. With
this choice of the branch cut, we can extend the integral to be over the full real line
f12↔34(z) =
2−4∆φ+1
1 + e4pii∆φ
z√
z − 1
∫ ∞
−∞
dω ω4∆φ−4 T
(
ω2,−1
z
ω2
)
, z > 1 . (3.19)
See Figure 1 for the example of exchange diagrams (3.26). If we further assume the following
fall-off condition on the upper half plane of ω,
lim
|ω|→∞
ω4∆φ−3T
(
ω2,−1
z
ω2
)
→ 0 , (3.20)
and that there is no singularity at ω = 0, then the contour can be closed from above. We
obtain
f tree12↔34(z) = 2
−4∆φ+1 2pii
1 + e4pii∆φ
z√
z − 1
∑
ω∗
Resω=ω∗ ω
4∆φ−4 T
(
ω2,−1
z
ω2
)
, z > 1 ,
(3.21)
where the sum is over all poles on the upper half ω-plane.
3.3 Crossing Symmetry
In (3.16) we have presented a general formula for the two-to-two massless scalar amplitude
in the conformal basis. The resulting correlator depends explicitly on the crossing channel,
i.e. it depends on which particles we take to be outgoing and incoming. Thus given a single
amplitude in momentum space T (s, t), we end up with three correlators in the conformal
basis f12↔34(z), f13↔24(z), f14↔23(z).
Let us study what crossing symmetry in momentum space implies on these three four-
point functions in the conformal basis. We will consider scattering amplitudes of identical
particles and assume the amplitude in momentum space has the s ↔ t ↔ u crossing sym-
metry,
T (s, t) = T (t, s) = T (−s− t, t) . (3.22)
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The amplitude crossing symmetry implies that of the correlator in the conformal basis.
Indeed,
f13↔24(1− z) = 2−4∆φ+1 1− z√
z
∫ ∞
0
dωω4∆φ−4T
(
− z
1− zω
2,
1
1− zω
2
)
= 2−4∆φ+1
(
1− z
z
)2∆φ z√
1− z
∫ ∞
0
dω′ω′4∆φ−4T
(
−ω′2, 1
z
ω′2
)
, (3.23)
where in the first line we have used T (s, t) = T (−s − t, t), and in the second line we have
rescaled ω′ =
√
z
1−zω. Hence we conclude that f13↔24 satisfies the crossing equation:
f13↔24(1− z) =
(
1− z
z
)2∆φ
f13↔24(z) , 0 < z < 1 . (3.24)
Using a similar argument, crossing symmetry also relates the three correlators from different
crossing channels:
f13↔24(z) = z2∆φf12↔34(1/z) = f14↔23
(
z
z − 1
)
, 0 < z < 1 . (3.25)
There is one caveat regarding the relation between f14↔23 and f13↔24. In both the 14↔ 23
and 13↔ 24 channels, we have s = −1 in (3.16). One might then naively equate f13↔24(z)
with −f14↔23(z), with the latter extended to 0 < z < 1. This is generally ambiguous because
the latter was originally defined only for z < 0 in (3.16), and the extension to 0 < z < 1
requires a choice of the i prescription. More explicitly, the i prescription should be such
that both t = 1
z
ω2 and u = z−1
z
ω2 get shifted by +i, which is the standard i prescription
in momentum space. However, one can easily see that there is no such i prescription for z
such that t(z)→ t(z) + i and u(z)→ u(z) + i.7 In other words, f13↔24(z) with −f14↔23(z)
are not related by an analytic continuation in the real cross ratio z. One can verify this
explicitly in the examples of tree-level exchange amplitude in (3.29) and (3.30) below.
3.4 Tree-Level Exchange Amplitude
Let us return to the scalar theory considered in Section 3.1. The tree-level amplitude with
massless external scalar particles exchanging a massive scalar is
T (s, t) = g
2
−s+m2 − i +
g2
−t+m2 − i +
g2
−u+m2 − i . (3.26)
7For example, in the 14 ↔ 23 channel where z < 0, if one chooses to continue z → z − i, then
t(z)→ t(z) + i but u(z)→ u(z)− i.
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ω1−s(ω)+m2−i ω
1
−t(ω)+m2−i
m− i
−m+ i
im
√
z
−im√z
Figure 1: The analytic structure of the integral (3.19) for the tree-level exchange four-point
function f12↔34(z). Left: the s-channel contribution. Right: the t-channel contribution.
The massive scalar exchange amplitude is in some sense simpler than other tree-level ampli-
tudes, for example the contact four-point or the massless exchange amplitudes. Indeed, the
latter two suffer from either the UV or IR divergence for positive ∆φ in the change of basis
integral (3.17). On the other hand, for the massive exchange amplitude, the mass m of the
intermediate particle provides an IR cut-off so that there is range of ∆φ where the amplitude
in the conformal basis is well-defined. In fact, for sufficiently positive ∆φ, there is a good
physical reason for the divergence of the contact four-point and the massless exchange am-
plitudes in the conformal basis: they are exactly the bulk point singularity in AdS3/CFT2
of the corresponding Witten diagrams. We will come back to this point in Section 5.
Let us start with the 12 ↔ 34 channel where we take particles 1 and 2 to be incoming
while 3 and 4 to be outgoing. Assuming 3/4 < Re ∆φ < 5/4, this amplitude (3.26) satisfies
the fall-off condition (3.20), we can directly apply the residue formula (3.21) to obtain the
amplitude in the 12↔ 34 channel:
f12↔34(z) = N∆φ
z√
z − 1
[
eipiα + zα +
(
z
z − 1
)α ]
, z > 1 , (3.27)
where N∆φ = g2 pim
4∆φ−5
2
4∆φ cos(2pi∆φ)
and
α ≡ 2∆φ − 3
2
. (3.28)
Similarly, in the 13↔ 24 channel, the four-point function is given by
f13↔24(z) = N∆φ
z√
1− z
[
1 + eipiαzα +
(
z
1− z
)α ]
, 0 < z < 1 . (3.29)
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Finally in the 14↔ 23 channel, the four-point function is given by
f14↔23(z) = N∆φ
(−z)√
1− z
[
1 + (−z)α + eipiα
( −z
1− z
)α ]
, z < 0 . (3.30)
Even though the change of basis integral only converges for 3/4 < Re ∆φ < 5/4, we can
analytically continue the final expression to all complex ∆φ except for ∆φ ∈ 14 + Z.
One feature of these correlators is that they are complex even if we assume ∆φ to be real.
This is of course expected because the amplitude is already complex in momentum space
because of the i prescription. It follows that the imaginary part of these correlators should
obey the optical theorem in the conformal basis, which we will discuss in Section 4.
4 Optical Theorem and Conformal Block Decomposi-
tion
In this section we translate the optical theorem into the conformal basis. In the case of
the tree-level exchange amplitude, the optical theorem takes the form of a conformal block
decomposition on the principal continuous series, with coefficients being the three-point
amplitude in the conformal basis. We then verify this explicitly in a scalar theory in (2+1)
dimensions.
4.1 Conformal Optical Theorem
Let us start with the simplest example of a tree-level massive scalar exchange amplitude
T (s, t) in (3.26) in R1,d+1. The optical theorem relates the imaginary part of the four-point
amplitudes to the product of two three-point amplitudes
2 ImAk1,k2→k3,k4 = pi
∫
dd+1~p√
~p2 +m2
Ak1,k2→pAk3,k4→p . (4.1)
where Ak1,k2→k3,k4 = T (s, t)δ(d+2)(k1 +k2−k3−k4) and Ak1,k2→p = gδ(d+2)(k1 +k2−p). Note
that this simplest optical theorem follows from the identity:
Im
1
−s+m2 − i = piδ(s−m
2) . (4.2)
Since we take particles 1 and 2 to be incoming while 3 and 4 to be outgoing, only the
s-channel can go on-shell and contribute to the imaginary part of the amplitude.
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To go to the conformal basis, we use the following orthogonality condition of the AdS
bulk-to-boundary propagator [29] (see also [4]):∫ ∞
−∞
dνµ(ν)
∫
dd~xG d
2
+iν(pˆ1; ~x)G d
2
−iν(pˆ2; ~x) = (pˆ1)
0 δ(d+1)(pˆ1 − pˆ2) , (4.3)
where pˆi are unit timelike vectors in R1,d+1 and the right-hand side is the SO(1, d + 1)
invariant delta-function. The measure µ(ν) is
µ(ν) =
Γ
(
d
2
+ iν
)
Γ
(
d
2
− iν)
4pid+1Γ(iν)Γ(−iν) . (4.4)
We can then insert 1 =
∫
dd+1 ˆ`
ˆ`0
ˆ`0 δ(d+1)(ˆ`− pˆ) into the right-hand side of (4.1) and use (4.3)
to obtain
2 ImAk1,k2→k3,k4
=pimd
∫ ∞
−∞
dνµ(ν)
∫
dd~x
∫
dd+1pˆ
pˆ0
Ak1,k2→pG d
2
+iν(pˆ; ~x)
∫
dd+1 ˆ`
ˆ`0
Ak3,k4→`G d
2
−iν(ˆ`; ~x) .
(4.5)
Now we perform the change of basis integral (2.10) on the external particles k1, · · · , k4. In
the conformal basis, the optical theorem is then translated into8
2 Im A˜4(∆i, ~xi) (4.6)
= pimd
∫ ∞
−∞
dνµ(ν)
∫
dd~x A˜3
(
∆1,∆2,
d
2
+ iν; ~x1, ~x2, ~x
)
A˜3
(
d
2
− iν,∆3,∆4, ; ~x, ~x3, ~x4
)
,
where we have assigned conformal dimension ∆i to the i-th external particle. The optical
theorem can be further simplified by using the explicit positions dependence of the three-
point functions:
A˜3(∆i, ~xi) = C(∆1,∆2; ∆3)|~x12|∆1+∆2−∆3 |~x13|∆1+∆3−∆2|~x23|∆2+∆3−∆1 . (4.7)
The integral over ~x gives the shadow representation of the conformal partial wave Ψ∆(z, z¯)
[24–27]:
Ψ∆(z, z¯)
|~x12|∆1+∆2 |~x34|∆3+∆4
∣∣∣∣~x24~x14
∣∣∣∣∆12 ∣∣∣∣~x14~x13
∣∣∣∣∆34
=
1
2
∫
dd ~w
|~x12|∆−∆1−∆2 |~x34|d−∆−∆3−∆4
|~w − ~x1|∆12+∆|~w − ~x2|∆21+∆|~w − ~x3|∆34+d−∆|~w − ~x4|∆43+d−∆ ,
(4.8)
8We assume the conformal dimensions ∆i of the external operators can be analytically continued to be
real.
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where ~xij = ~xi − ~xj and ∆ij = ∆i −∆j. z, z¯ are the cross ratios:
zz¯ =
|~x12|2|~x34|2
|~x13|2|~x24|2 , (1− z)(1− z¯) =
|~x14|2|~x23|2
|~x13|2|~x24|2 . (4.9)
Ψ∆(z, z¯) is an eigenfunction of the conformal Casimir operator that is shadow symmetric,
i.e. Ψ∆ = Ψd−∆. It is related to the scalar conformal blocks G
(`=0)
∆ (z, z¯) with intermediate
scalar primaries as [26],
Ψ∆(z, z¯) =
c∆G
(`=0)
∆ (z, z¯) + cd−∆G
(`=0)
d−∆ (z, z¯)
2Γ
(
∆+∆21
2
)
Γ
(
∆−∆21
2
)
Γ
(
d−∆+∆34
2
)
Γ
(
d−∆−∆34
2
) , (4.10)
where the coefficient c∆ is
c∆ = pi
d/2 Γ
(
d
2
−∆)Γ (∆+∆34
2
)
Γ
(
∆−∆34
2
)
Γ
(
∆+∆21
2
)
Γ
(
∆−∆21
2
)
Γ (∆)
. (4.11)
If we write the four-point function as
A˜4(∆i, ~xi) = |~x12|∆1+∆2 |~x34|∆3+∆4
∣∣∣∣~x24~x14
∣∣∣∣∆12 ∣∣∣∣~x14~x13
∣∣∣∣∆34 f(z, z¯) , (4.12)
then the optical theorem gives the conformal block decomposition for the imaginary part of
f(z, z¯) on the principal continuous series
Imf(z, z¯) = pimd
∫ ∞
−∞
dνµ(ν)C
(
∆1,∆2;
d
2
+ iν
)
C
(
∆3,∆4;
d
2
− iν
)
Ψ d
2
+iν(z, z¯) ,
(4.13)
with coefficient being the three-point amplitude written in the conformal basis (4.7).
The derivation can be extended to the general optical theorem straightforwardly,
2ImT{p}→{q} =
∑
{k}
∏
j
(∫
dd+1~kj
(2pi)d+12k0j
)
T{p}→{k}T{q}→{k}(2pi)d+2δ(d+2)
(∑
p−
∑
k
)
,
(4.14)
where p, q, k are the sets of momenta of the initial, final and intermediate particles. The sum
in {k} is over all possible intermediate particle states. The general optical theorem when
translated into the conformal basis is9
2ImA˜(∆I ,∆F , ~xi) =(2pi)d+2
∑
{k}
∏
j
(
mdj
2(2pi)d+1
∫ ∞
−∞
dνjµ(νj)
∫
dd ~wj
)
(4.15)
× A˜
(
∆I ,
d
2
+ iνj; ~xI , ~wj
)
A˜
(
d
2
− iνj,∆F ; ~wj, ~xF
)
.
9Here for simplicity we have assumed all the intermediate particles are massive scalars with masses mj .
A similar formula holds true for massless intermediate scalars with the measure factor mdjµ(νj) replaced by
2d. The apparent mass dimension mismatch comes from our normalization of the massless versus massive
conformal primary wavefunctions.
15
where I and F are the subscripts for the conformal dimensions and the positions of the initial
and final conformal primary wave functions, respectively.
4.2 Example: Tree-Level Exchange Amplitude
We now explicitly show that, in the case of the exchange diagram in (2+1) dimensions, the
conformal block decomposition of the four-point function in (3.27) reproduces the three-point
function coefficient in (3.7). In one dimension, the conformal partial wave Ψ d
2
+iν(z), defined
for z > 0, has been worked out in [56] (see also [21])
Ψ∆(z) =

tanpi∆
2 tan pi∆
2
Γ(∆)2
Γ(2∆)
z∆2F1(∆,∆; 2∆; z) + (∆↔ 1−∆), 0 < z < 1 ,
Γ(1
2
− ∆
2
)Γ(∆
2
)√
pi
2F1
(
∆
2
,
1
2
− ∆
2
;
1
2
;
(2− z)2
z2
)
, 1 < z < 2 ,
Ψ∆
(
z
z − 1
)
, 2 < z .
(4.16)
Ψ∆(z)’s on the principal discrete series ∆ ∈ 2N together with the principal continuous series
∆ ∈ 1
2
+iR≥0 form an orthogonal basis for the space of functions with the following boundary
conditions (1) f(z) = f( z
z−1) for z ∈ (1,∞) which in particular implies f ′(2) = 0, and (2)
f(z) vanishes no slower than z1/2 as z → 0. The inner product on this space of functions is
〈g, f〉 =
∫ 2
0
dz
z2
g∗(z)f(z) =
(∫ 1
0
+
1
2
∫ ∞
1
)
dz
z2
g∗(z)f(z) , (4.17)
where the integral between (1, 2) is replaced by an integral between (1,∞) using the sym-
metry f(z) = f( z
z−1). The inner products of Ψ∆ are
〈Ψ∆,Ψ∆′〉 = pi
2
4∆− 2δ∆,∆′ , ∆,∆
′ ∈ 2N
〈Ψ∆,Ψ∆′〉 = pi
2 tanpi∆
2∆− 1 δ(∆−∆
′), ∆,∆′ ∈ 1
2
+ iR≥0 .
(4.18)
Let us decompose the four-point function f12↔34(z) in (3.27) on this basis. The imaginary
part of f12↔34 can be written as
2Imf12↔34(z) = 2N∆φ sin
(
2pi∆φ − 3pi
2
)
F (z), F (z) =

z√
z − 1 , 1 < z
0, 0 < z < 1 .
(4.19)
Recall that the real cross ratio z in 12 ↔ 34 channel is constrained by the flat space kine-
matics to be z > 1. This function satisfies the two boundary conditions: F (z) = F ( z
z−1)
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for z ∈ (1,∞) and limz→0 F ′(z)/z1/2 = 0. Thus it can be expanded on the basis with the
coefficients proportional to the inner product
〈F,Ψ∆〉 = 1
2
∫ ∞
1
dz
z2
z√
z − 1Ψ∆(z) =
pi3
sin(pi∆)Γ(2−∆
2
)2Γ(∆+1
2
)2
. (4.20)
Since the inner products vanishes on the principal discrete series h ∈ 2N, F (z) can be
expanded just on the principal continuous series,
F (z) =
∫ 1
2
+i∞
1
2
−i∞
d∆
2pii
2∆− 1
pi tan(pi∆)
pi3
sin(pi∆)Γ(2−∆
2
)2Γ(∆+1
2
)2
Ψ∆(z) , (4.21)
where we have used the symmetry ∆ ↔ 1 − ∆ of the integrand to extend the integration
from 1
2
+ iR≥0 to 12 + iR. The coefficient of the above decomposition can be written in terms
of the three-point function coefficient (3.7) as
Imf12↔34(z) = pim
∫ ∞
−∞
dνµ(ν)C
(
∆1,∆2;
d
2
+ iν
)
C
(
∆1,∆2;
d
2
− iν
)
Ψ d
2
+iν(z, z¯) ,
(4.22)
where C(∆φ,∆φ; ∆) = g
m
2∆φ−3
2
2∆φ
Γ(∆/2)2
Γ(∆)
. Hence we have checked the conformal block decom-
position (4.13) in the (2+1)-dimensional scalar theory with cubic coupling.
5 The Bulk Point Singularity in AdS/CFT
In this section we discuss the relation between the massless conformal basis in R1,d+1 and the
bulk point singularity in AdSd+2/CFTd+1 in Lorentzian signature. In particular we argue
that scalar exchange amplitudes in the conformal basis discussed in Section 3.4 arise from
approaching the bulk point singularity at the same time scaling the intermediate conformal
dimension to infinite in the exchange Witten diagram.
Let us begin with a general review on the bulk point singularity in AdS/CFT and its
relation to the flat space limit [28,36–39,41,42]. Consider AdSd+2 embedded in R2,d+1 as the
locus Y IYI = −R2, where R is the AdS radius. Here we use Y I with I = −1, 0, 1, · · · , d+1 as
the flat coordinates of the embedding space R2,d+1 and the index I is raised and lowered by
the flat metric ηIJ = diag(−1,−1,+1, · · · ,+1). On the other hand, a point on the boundary
of AdSd+2 is represented by a null ray P
I ∼ λP I with P IPI = 0.
Consider an n-point Witten diagram with boundary operators located at P Ia , a = 1, · · · , n.
We will restrict ourselves to the case10 n = d+3 so that in this case the vertex of the Landau
10This in particular applies to the four-point function in AdS3, which we will pay special attention to later
on.
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diagram is only a point in AdSd+2. The conditions for the bulk point singularity are that
there exists a bulk point Y0 such that
1. Y0 is lightlike separated from all the boundary points Pa,
ηIJ Y
I
0 P
J
a = 0 , ∀ a = 1, 2, · · · , n . (5.1)
2. There exist n “frequencies” ωa > 0 such that the momentum is conserved at Y0:
n∑
a=1
ωaP
I
a = 0 . (5.2)
In general such a bulk point Y0 does not exist for generic boundary points Pa. In other words,
the bulk point singularity only arises when we place the boundary points at some specific
configuration. For example, in the case of four-point functions, the second condition (5.2)
implies that the 4×4 matrix Pa · Pb has a zero eigenvector ωa, and hence it has vanishing
determinant. This in turns implies the cross ratios are real at the bulk point singularity
configuration, i.e. z = z¯.
The bulk point singularity configuration is related to the flat space scattering kinematics
in R1,d+1. Let us take our reference bulk point to be at Y0 = (R, 0, · · · , 0). Then the first
condition (5.1) constrains the boundary points P Ia to be
P Ia = (0,±qµa ) , (5.3)
where qµa is a null ray in R1,d+1 with µ = 0, 1, · · · , d + 1. Here we take the time component
of qµ to be positive, so that the plus/minus sign above corresponds to a null vector in the
future/past lightcone of R1,d+1 in the embedding space, respectively. In other words, the
boundary points are restricted to two constant time slices in AdSd+2 at the bulk point singu-
larity configuration (see Figure 2). The null vectors qµa are later identified as the directions of
null momenta in the flat space scattering process. Now the second condition (5.2) states that
there exists n frequencies ωa such that the flat space momentum conservation
∑
a±ωaqµa = 0
holds true. In the case of the bulk point singularity for four-point functions, the real cross
ratio z = z¯ parametrizes the scattering angle.
We now argue that perturbative scattering amplitudes in the massless conformal basis in
R1,d+1 can be embedded into the AdSd+2 Witten diagram with the same interaction at the
bulk point singularity. The scalar bulk-to-boundary propagator in AdSd+2 between a bulk
point Y and a boundary point P with conformal dimension ∆φ is
G∆φ(Y, P ) =
C∆
R
d
2
1
(−2P · Y/R + i)∆φ , (5.4)
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P3
P4
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P1
Y0
Figure 2: The bulk point singularity in AdS3. At the bulk point singularity configuration for
a four-point function in AdS3/CFT2, the boundary points are restricted to two constant time
slices in AdS3, which are the future and past celestial circles (shown in blue) in the flat space
limit to R1,2. The contribution to the Witten diagram is dominated by the integral around
the bulk point Y0, which can then be approximated by the flat space scattering process in
the massless conformal basis.
where C∆ = Γ(∆)/(2pi d+12 Γ(∆ − d−12 )). At the bulk point singularity configuration, from
(5.3), the null ray P Ia in R2,d+1 is restricted to a null ray qµa in R1,d+1. Furthermore, the
contribution to the Witten diagram receives dominant contributions from around Y0, and
we can approximate the bulk point integral in Y by a flat space integral in Xµ ∈ R1,d+1
around Y0. In this limit, the AdSd+2 bulk-to-boundary propagator becomes proportional to
the massless conformal primary wavefunction ϕ±∆φ (2.4) in R
1,d+1:
G∆φ(Y, P ) −→
bulk point singularity
ϕ±∆φ(X, q) . (5.5)
Whether the corresponding conformal primary wavefunction is incoming or outgoing is de-
termined by which of the past and future time slices the boundary point P Ia is located at
(i.e. the sign in (5.3)).
Following the same argument in [36,39], let us see how this works explicitly for the tree-
level scalar exchange Witten diagram in AdS3/CFT2. We will focus only on the s-channel
diagram, while the other two follow identically.
The scalar bulk-to-bulk propagator with intermediate conformal dimension ∆ is (see, for
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example, [57])
Π∆(Y1, Y2) =
1
2piR
e−∆σ
1− e−2σ , (5.6)
where σ is the geodesic distance between Y1, Y2:
σ(Y1, Y2) = log
(
1 +
√
1− ξ2 + i
ξ
)
, ξ = − R
2
Y1 · Y2 . (5.7)
The s-channel tree-level scalar Witten diagram with internal dimension ∆ and identical
external operator dimension ∆φ is
I4 = g
2
∫
AdS3
dY1
∫
AdS3
dY2G∆φ(Y, P1)G∆φ(Y, P2)Π∆(Y1, Y2)G∆φ(Y, P3)G∆φ(Y, P4)
= g2
(
e−ipi∆φ/2
2∆φ+1piR1/2Γ(∆φ)
)4 ∫
AdS3
dY1
∫
AdS3
dY2
×
(
4∏
a=1
∫ ∞
0
dωaω
∆φ−1
a
)
e−iY1·(ω1P1+ω2P2)−iY2·(ω3P3+ω4P4)−
∑
a ωaΠ∆(Y1, Y2) . (5.8)
Let us now approach the bulk point singularity by tuning the boundary points to be close
to the configuration (5.1) and (5.2). We will choose P1,2 to be (0,−qµ1,2) and while P3,4 to be
(δ, qµ3,4). If we also choose q
µ
a to be such that (5.2) is obeyed, then we reach the bulk point
singularity configuration as δ → 0. In this limit we expect the contribution of the integral in
(5.8) to be dominated by Y1, Y2 close to Y0 = (R, 0, 0, 0), which can then be approximated
by integrals over R1,d. To be more explicit, near Y0, we can parametrize a bulk point Y as
Y I ' (R + XµXµ
2R
, Xµ), where every component of Xµ is much less that R. Equivalently, we
can take R→∞ and allow Xµ ∈ R1,2 to be integrated to infinity in (5.8).
In this limit, the Witten diagram becomes
I4 ' g2
(
e−ipi∆φ/2
2∆φ+1piR1/2Γ(∆φ)
)4( 4∏
a=1
∫ ∞
0
dωaω
∆φ−1
a
)
×
∫
R1,2
d3X1
∫
R1,2
d3X2e
iX1·(ω1q1+ω2q2)−iX2·(ω3q3+ω4q4)+iR(ω3+ω4)δ−
∑
a ωaΠ∆(Y1, Y2) . (5.9)
If we keep the intermediate conformal dimension ∆ finite as taking R→∞, then the bulk-
to-bulk propagator Π∆(Y1, Y2) is approximated by the massless Feynman scalar propagator
in R1,2, i.e. Π∆ ' 14pi 1√(X1−X2)2+i . The ωa integrals then give rise to a singularity 1/δ
4∆φ−5
as δ → 0. This is indeed the singularity computed in [36] using the explicit expression for
I4 in terms of the D-function for special values of ∆. In the strict δ = 0 case, the above
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integral is identical to the massless scalar exchange amplitude in R1,2 written in the massless
conformal basis. As discussed in Section 3.4, the change of basis integral (3.17) to the
conformal basis suffers from an UV divergence (for sufficiently positive ∆φ). Now we have
an alternative understanding of this singularity: it comes from the bulk point singularity of
the same interaction in AdS3.
If instead we scale the intermediate conformal dimension ∆ to infinite at the same rate
as sending R → ∞, while holding the ratio m ≡ ∆/R fixed,11 then the AdS3 bulk-to-bulk
propagator is approximated by the massive scalar Feynman propagator in R1,2:
Π∆(Y1, Y2) ' 1
4pi
1√
(X1 −X2)2 + i
e−m
√
(X1−X2)2+i . (5.10)
The second line of (5.9) is nothing but the Fourier transform from position space to momen-
tum space for the flat space amplitude 1
s−m2+iδ
(3)(
∑
a ka) with null momenta ka = ±ωaqa.
Thus the scalar exchange Witten diagram (5.9) in this double scaling limit exactly repro-
duces the same Feynman diagram in R1,2 written in the massless conformal basis, which we
computed in Section 3.4:
I4 ∝
(
4∏
a=1
∫ ∞
0
dωaω
∆φ−1
a
)
δ(3)(ω1q
µ
1 + ω2q
µ
2 − ω3qµ3 − ω4qµ4 )
s−m2 + i , s = −(ω1q1 + ω2q2)
2 .
(5.11)
The infinite intermediate conformal dimension ∆ limit regulates the ωa integrals near the
would-be bulk point singularity, while it damps the contribution from the AdS integrals
away from the point Y0.
From this perspective, the (2+1)-dimensional flat space amplitudes written in the mass-
less conformal basis f(z) should perhaps be interpreted as two-dimensional Lorentzian con-
formal correlators, restricted to the bulk point singularity configuration z = z¯. In Appendix
A, we present a 2d Euclidean correlator whose Lorentzian versions, when restricted to z = z¯,
are exactly the (2+1)-dimensional tree-level exchange amplitudes in the conformal basis
f12↔34(z), f13↔24(z), f14↔23(z). We leave the physical origin of this 2d Euclidean correlator
for future investigation.
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A Two-Dimensional Crossing Symmetric Four-Point Func-
tions with Positive Block Decompositions
In this appendix we present a 2d Euclidean correlator f 2d(z, z¯) whose Lorentzian versions,
obtained via different analytic continuations in z, z¯, are the (2+1)-dimensional amplitudes
from three crossing channels f12↔34(z), f13↔24(z), f14↔23(z). We checked to high orders that
this 2d correlator admits a positive SL(2,C) block decomposition. For a special value of the
external conformal dimension ∆φ, f
2d(z, z¯) reduces to the four-point function in the 2d free
boson theory.
A.1 A Two-Dimensional Extension
We now present an observation that in the example of tree-level exchange diagram, the
correlators in the three crossing channels f12↔34, f13↔24, f14↔23 are restrictions of different
analytic continuations of a single 2d Euclidean correlator f 2d(z, z¯).
Let the two cross ratios z, z¯ of a 2d four-point function bedefined as
z =
z12z34
z13z24
, z¯ =
z¯12z¯34
z¯13z¯24
. (A.1)
In the Euclidean signature, z, z¯ are complex conjugated to each other, i.e. z¯ = z∗. On the
other hand, in the Lorentzian signature, z, z¯ are two independent real variables. Starting
from an Euclidean 2d four-point function, its Lorentzian version can be obtained by analytic
continuing the cross ratios z, z¯ independently. The precise analytic continuation depends on
the time ordering between the four operators in the Lorentzian spacetime.
If we place operators 1 and 2 in the past while 3 and 4 in the future, this corresponds to
the following analytic continuation in z, z¯ (see, for example, [39, 59] for explanations of this
analytic continuation):
12→ 34 : (z − 1)→ e2pii(z − 1) , 1
z¯
→ e2pii1
z¯
. (A.2)
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If instead we want to have 1 and 3 in the past while 2 and 4 in the future, we should
analytically continue the cross ratios as
13→ 24 : z → e2piiz , (z¯ − 1)→ e2pii(z¯ − 1) . (A.3)
In addition, due to the overall factor 1|z12|2∆φ |z34|2∆φ
, one needs to further multiply the four-
point function f(z, z¯) by e−2pii∆φ . This is because |z12|2 crosses the lightcone in the analytic
continuation. Finally, if we place 1 and 4 in the past, 2 and 3 in the future, we analytically
continue the cross ratios as
14→ 23 : 1
z
→ e2pii1
z
, z¯ → e2piiz¯ . (A.4)
In addition, we need to multiply the four-point function by a phase e−2pii∆φ .
Now consider the following two-dimensional Euclidean four-point function
A(z, z¯) = 1|z12|2∆φ|z34|2∆φ f
2d(z, z¯) , (A.5)
f 2d(z, z¯) = N∆φeipi(2∆φ−
1
2
) (zz¯)
1
2
[(1− z)(1− z¯)] 14
[
1 + (zz¯)∆φ−
3
4 +
(
zz¯
(1− z)(1− z¯)
)∆φ− 34]
.
(A.6)
This 2d Euclidean correlator satisfies the crossing equation (A.9) and admits a positive
SL(2,C) block decomposition as discussed in the next subsection. If we first analytically con-
tinue f 2d(z, z¯) to the Lorentzian regime as (A.2), (A.3), (A.4), and then restrict to z = z¯, we
exactly reproduce the (2+1)-dimensional tree-level exchange amplitudes f12↔34, f13↔24, f14↔23
(3.27), (3.29), (3.30) in three different crossing channels, respectively:
f12↔34(z) = f 2d(z, z¯)
∣∣∣
(z−1)→e2pii(z−1), 1
z¯
→e2pii 1
z¯
∣∣∣
z=z¯
,
f13↔24(z) = e−2pii∆φf 2d(z, z¯)
∣∣∣
z→e2piiz,(z¯−1)→e2pii(z¯−1)
∣∣∣
z=z¯
,
f14↔23(z) = e−2pii∆φf 2d(z, z¯)
∣∣∣
1
z
→e2pii 1
z
,z¯→e2piiz¯
∣∣∣
z=z¯
,
(A.7)
where the phase e−2pii∆φ comes from the prefactor 1|z12|2∆φ |z34|2∆φ
in our definition of f˜(z, z¯)
in relation to the full four-point function. This implies that the one-dimensional four-point
functions are restrictions of f(z, z¯) to the Lorentzian configurations similar to Figure 2.
A.2 Positive Conformal Block Decompositions
In fact, the Euclidean 2d four-point function f 2d(z, z¯) (A.5) belongs to a larger family of
solutions to the crossing equation. In this section we provide numerical evidence that this
family of crossing solutions have positive conformal block decompositions.
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Let us consider a generalization of the 2d scalar four-point function (A.5) considered
above:
f∆φ,b(z, z¯) =
(zz¯)∆φ−
b
2
((1− z)(1− z¯)) b2
[
(zz¯)−∆φ+
3b
2 + 1 + ((1− z)(1− z¯))−∆φ+ 3b2
]
. (A.8)
This four-point function comes with a two-parameter family, labeled by the external operator
dimension ∆φ (which will be taken to be positive in this appendix) and a real parameter b.
The four-point function f∆φ,b is crossing symmetric for all ∆φ, b:
f∆φ,b(z, z¯) =
(
zz¯
(1− z)(1− z¯)
)∆φ
f∆φ,b(1− z, 1− z¯) = (zz¯)∆φf∆φ,b(1/z, 1/z¯) . (A.9)
For general ∆φ and b, the operator spectrum in the OPE channel z, z¯ → 0 can be
separated into towers of “single-trace” and the “double-trace” operators:
Single-trace : ∆ = 2b+ `+ 4m, m ∈ Z≥0 ,
Double-trace : ∆ = 2∆φ − b+ `+ 2m, m ∈ Z≥0 ,
(A.10)
where ` ∈ 2Z≥0 is the spin. We distinguish a double-trace operator from a single-trace one
by the dependence of their conformal dimensions on ∆φ. The conformal block expansion of
the four-point function can be separated into single- and double-trace operators:
f∆φ,b(z, z¯) =
∞∑
`=0,
even
∞∑
m=0
c`+4m,`G
(`)
2b+`+4m(z, z¯) +
∞∑
`=0,
even
∞∑
m=0
cd`+2m,`G
(`)
2∆φ−b+`+2m(z, z¯) , (A.11)
where the SL(2,C) block with identical external scalar primaries of dimension ∆φ and in-
termediate conformal dimension ∆ and spin ` ≥ 0 is [25,26,60,61]
G
(`)
∆ (z, z¯) =
1
1 + δ`,0
[
z
1
2
(∆+`) z¯
1
2
(∆−`)
2F1
(
∆ + `
2
,
∆ + `
2
; ∆ + `; z
)
× 2F1
(
∆− `
2
,
∆− `
2
; ∆− `; z¯
)
+ (z ↔ z¯)
]
. (A.12)
The first few coefficients are
c0,0 = 1 , c4,0 =
b4
64(1 + 2b)2
, c2,2 =
b2
8(2b+ 1)
, c6,2 =
b4(b+ 2)2
1024(2b+ 1)(2b+ 3)(2b+ 5)
,
c8,0 =
b4(b+ 2)4
16384(2b+ 3)2(2b+ 5)2
, c4,4 =
b2(b+ 2)2
128(2b+ 3)(2b+ 5)
, · · · , (A.13)
cd0,0 = 2 , c
d
2,0 =
1
8
(3b− 2∆φ)2 , cd4,0 =
(
9b3 − 10b2(3∆φ + 1) + 4b∆φ(7∆φ + 4)− 8∆2φ(∆φ + 1)
)2
512(b− 2∆φ − 1)2 ,
cd2,2 =
9b3 − 10b2(3∆φ + 1) + 4b∆φ(7∆φ + 4)− 8∆2φ(∆φ + 1)
16(b− 2∆φ − 1) , · · · . (A.14)
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We numerically checked that these conformal block coefficients are non-negative if
2∆φ ≥ b ≥ 0 . (A.15)
Note that this constraint also arises from requiring the leading single-trace and double-trace
operators (A.10) to have positive conformal dimensions.
b = 2∆φ
Fr
ee
B
os
on
b = 0
Generalized Free Field
b
∆φ
Figure 3: The two-parameter space for the solution f∆φ,b(z, z¯) to the 2d crossing equation.
In the shaded region between 0 ≤ b ≤ 2∆φ we find numerical evidence that the four-
point function f∆φ,b(z, z¯) has a non-negative expansion on the SL(2,C) blocks. At the two
boundaries b = 0 and b = 2∆φ, f∆φ,b(z, z¯) reduces to the four-point functions in the 2d
generalized free field theory and that in the free boson theory, respectively.
The intermediate spectrum contains the identity operator only if b = 0 or b = 2∆φ,
which are the lower and upper bounds of b (A.15). In fact, at these values of b the four-point
function f∆φ,b(z, z¯) reduces to known examples:
• b = 0. In this case f∆φ,b=0(z, z¯) reduces to the four-point function in the 2d generalized
free field theory:
f∆φ,b=0(z, z¯) = 1 + (zz¯)
∆φ +
(
zz¯
(1− z)(1− z¯)
)∆φ
. (A.16)
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• b = 2∆φ. In this case f∆φ,b=2∆φ reduces to the four-point function of scalar primaries
cos(
√
∆φX) in the 2d free boson theory:
12
f∆φ,b=2∆φ(z, z¯) =
1
2((1− z)(1− z¯))∆φ
[
(zz¯)2∆φ + 1 + ((1− z)(1− z¯))2∆φ
]
. (A.17)
Here we have normalized the four-point function by a factor of 1/2 so that the identity
channel comes with unit OPE coefficient. The radius of the free boson does not affect
the four-point function as long as the operator cos(
√
∆φX) exists in the spectrum of
primaries.
To conclude, f∆φ,b provides an interpolation between the four-point function in the 2d
generalized free field theory and that in the free boson theory (see Figure 3). Even though
f∆φ,b has no identity channel away from the two limiting cases, we find numerical evidence
that it admits a non-negative SL(2,C) block decomposition.
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